AKASHI SERIES OF SELMER GROUPS 



SARAH LIVIA ZERBES 

I^ ■ Abstract. We study the Selmer group of an elliptic curve over an admissible 

' p-adic Lie extension of a number field F. We give a formula for the Akashi 

^-^' series attached to this module, in terms of the corresponding objects for the 

work |Z2] . in particular since it applies to elliptic curves having split multi- 
plicative reduction at some primes above p, in which case the Akashi series 
f-f^ ' can have additional zeros. 






^ 
^ 



1. Introduction 



1.1. Background. Let p be a prime number, F a number field, and Foo/F an 
infinite Galois extension whose Galois group S — Ga\{Foa / F) is a p-adic Lie group. 
We will always assume that F,^/F is an admissible p-adic Lie extension, by which 
we mean that it satisfies the following conditions: 

(i) Foo contains the cyclotomic Zp-extension F'^'^'^ of F, 
^ I (ii) Foo is unramified outside a finite set of primes of F, 

^^ ■ (iii) E has no element of order p. 

ff^ i This class of extensions has been much studied in the context of Iwasawa theory, 

^D ' following the seminal paper jCFKSV] . We recall some of the general setup. Let H 

l/^ '. denote the normal subgroup Gal(Foo/F'=y'=) of E, and F = GaliF'^y^F) = ^/H. 

f^ ' Definition 1.1. We define VJIh{^) to be the full subcategory of the category 

of finitely-generated A(E)-modules consisting of objects M for which M/M{p) is 
finitely-generated over A(iJ), where M{p) is the p-torsion part of M. 

k> , If i? is an elliptic curve over F, then the Selmer group Se\{E/Foo) is a discrete 

}_( ' p-primary abelian group with an action of E, and its Pontryagin dual C{E / Foo) is 

5t ! known to be finitely generated as a A(E)-module [Coi theorem 2.7]. Moreover, it is 

conjectured that if p > 5 and E has good ordinary or split multiplicative reduction 

at all primes p, we should have C{E/Fao) € 97l/f (S). 

The natural map A(E) -^ A(F) induces a map Ka{K{Y,)) -^ Ka{K{T)), which 
maps the class of a module M to the alternating sum of its homology groups (which 
is finite as H has finite p-cohomological dimension): 

i>0 

For AI e DJIhC^), these homology groups are torsion A(G)-modules, so we obtain a 
map KoidJlHC^)) — > Ko{A{T))*'°^'^; since the class of a torsion A(F)-module is deter- 
mined by its characteristic power series, the latter is isomorphic to Q{T)^ /A{T)^ , 
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where Q{T) is the fraction field of A(r). We define the Akashi series f^ to be the 
image of M under this map. 

In earlier work |Z11 IZ2] , motivated by applications to generalised Euler charac- 
teristics, we derived formulae for the S- Akashi series of C{E/Foo) in terms of the 
corresponding objects over F'^'^'^ and various explicit correction terms. The purpose 
of this paper is to study these Akashi series in their own right, without impos- 
ing the fairly restrictive conditions (such as finiteness of the p-primary part of the 
Shafarevich-Tate group) required to ensure that the generalised Euler character- 
istic is defined. This allows us (for instance) to consider elliptic curves with split 
multiplicative reduction at some primes above p, in which case the Akashi series 
can have additional zeros at T = 0. 

If E has good ordinary reduction at all primes above p, the main conjecture of 
noncommutativc Iwasawa theory for E/Foo, formulated in |iCFKSV . §5], predicts 
the existence of an element £, in Ki{A{'S)s') satisfying d-s{£,) = [C{E/Foo)], and 
whose values at Artin characters of E coincide (up to an appropriate correction 
factor) with the values at s = 1 of the L-functions of E and its twists. Our 
results are consistent with this conjecture in the good ordinary case; in the split 
multiplicative case they would be consistent with an analogue of this conjecture 
taking into account the phenomenon of additional zeros. 

1.2. Statement of the main results. In [Z2], we considered the Selmer group 
Se\{E/Foo) for an elliptic curve E/F over an admissible p-adic Lie extension Foo/F, 
relating Se\{E / Foo) to the cyclotomic Selmer group Se\{E / F'^^'^) and certain "cor- 
rection factors" Jy{F^'^'^) (whose definition we shall recall in the next section), for 
primes v lying in the finite set 5" of primes of F not dividing p whose inertia group 
in E is infinite. 

In the course of the proof of |Z2|, Theorem 1.1], we showed that if E satisfies the 
hypotheses 

• IR{E/F){p) is finite, 

• E has good ordinary reduction at all primes of F dividing p, 

• C{E/F^) e 97lff(S), 

• (Fiugiob) H'{H,Ep<^{Foo)) is finite for aU i > 0, 

• (Finioc) H''{Hjj;, E-u^poci(^koo,w)) is finite for all z > and for every prime 
V oi F dividing p, where E^ denotes the reduced curve and koo.w is the 
residue field of a prime of Foa above v, 

then the E- Akashi series of Sel{E/Foo) is related to the T- Akashi series of Sel{E / F"^") 
(i.e. its characteristic element) by the following equation; 

(1) fsci(E/F^) = fsci{E/F''y'') ^ 11 ■^J„(F<=y<^) (mod A(r) ). 

ves' 

It seems difficult to verify the finiteness of U1{E/F){p) and the conditions 
(Fiugiob) and (Finioc) in general. In the present paper we relax the condition on 
E, and replace it with a slightly stronger assumption on the p-adic Lie extension 

Foo/F: 

Definition 1.2. A p-adic Lie extension Fao of F is strongly admissible if it is 
admissible, and for each prime v of F dividing p, the local extension Foo.w of F^ 
(for w a prime of Fqo above v) contains the unramified Zp-extension of Fy. 
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If Fool F is strongly admissible in this sense then we can prove a relation between 
the Akashi series of Sel(£^/i^oo) and Se\{E / F''^'') , analogous to dJ): 

Theorem 1.3. Let F he a finite extension of Q, E an elliptic curve defined over 
F and p a prime > 5. Let F^o be a strongly admissible p-adic Lie extension of F 
with Galois group E = Gal(i^oo/^)- Assume that 

(i) E has either good ordinary or split multiplicative reduction at each prime 

of F dividing p, 
(ii) C{EIF^) G rnini^). 

Then 

fscl{E/F^) ^T^ X fscliE/F^y) ^ 11 fj^iF'^y) (mod A(r)^), 

ves' 

where r is the number of primes of F dividing p where E has split multiplicative 
reduction, S' is the set of primes of F not dividing p whose inertia group in E is 
infinite and f^ is the T- Akashi series of Jy{F'^^'^). 

Remark. It follows from jZ21 lemma 2.14] that /J j^cyci has nonzero constant term 
equal to the L-factor Lv{E, 1) (mod Z^ ), so we have 

ordT=o(/sci(£;/_F^)) = ordT=o(/sci(B/F'^y-)) + r, 
i.e. the Akashi series has extra zeroes, and its leading term <^£,if_E/_F ) ^^ given by 

"Sol(B/F^) = "Sol(_E/_F-y^) X n ^^-(^'1) (™0d ^P )' 

ves' 

In particular, if the modules Se\{E/Foo) and Se\{E/F'^y^) posess generalised Euler 
characteristics in the sense of jZ2| definition 2.7], which is equivalent to being 
"semisimple at T = 0" in the sense of |BV| definition 3.11], then the generalised 
Euler characteristics of Se\{E/Foo) and Se\{E/F^^'^) are related by the same formula 
as derived in |Z2] . 

The proof of Theorem I 1 .3l relies on certain symmetry properties of the Hochschild- 
Serre spectral sequence, which imply that for a strongly admissible p-adic Lie ex- 
tension the Akashi series of every finitely generated Zp-module is equal to 1 (c.f. 
Proposition 12. 3p . This observation should be considered as a substitute for the 
conditions (Fingiob) and (Fin/oc) appearing in our earlier work. Since Proposition 
12.31 is independent of the action of E, it also allows us to deal with the case when 
E has split multiplicative reduction at some primes of F dividing p. 

Finally, in section [6] we consider an important special case, when Foo is the field 
F{Epac) of p-power torsion points of E. We show that this extension is strongly 
admissible if and only if E has good reduction at all primes above p, and when 
this is not the case, we explicitly calculate the necessary correction terms to give a 
formula for the Akashi series of Se\{E/Foo)- 

2. Akashi series 

In this section, we prove some results about the Akashi series of elements in 
91tjj(E). Let us begin by recalling the definition of the Akashi series and some of 
its properties. 
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Definition 2.1. Let M e 371^(1]). Then the homology group Hi{H, M) is a finitely 
generated torsion A(r)-module for all i > 0. Let fj^.r^ j^d be the characteristic 
element of the A(r)-module Hi{H, M), and define the Akashi series of M to be 

i>0 

Convention. Let X be a discrete p-primary S-module such that M ~ X^ G 
OT_f/ (S). Define the Akashi series fx of X to be the Akashi series of M. 

Proposition 2.2. If we have an exact sequence of modules in 9}t//(I]) 

>- L M >■ N >■ 0, 

thenffj^f§f]^. 

Proof. Clear from the definition. D 

The next result is an extension of Lemma 4.5 in jCSSj : let i^ be a finite extension 
of Q and p a prime > 5. Let Foe be an admissible p-adic Lie extension of F with 
Galois group S = Gal(Foo/F). 

Proposition 2.3. Assume that there exists a subextension K^o of F^o containing 
F'^'^'^ such that the Galois group E' = Gal(i<'oo/^) can be written as a direct product 
T X G, where F = Gal(-F''^^'^/-F') and G has dimension > 1. Let M be a T,-module 
which is cofinitely generated as a T^p-module. Then f'^j ~ 1. 

Proof. Let R = Ga.\{Foo/Koo). By the Hochschild-Serre spectral sequence, we have 

(-1)' 



/i = n {fH' 



{R.M) 



and the A(S')-modules H'^{R,M) are also Zp-cofinitely generated. Hence we may 
assume without loss of generality that F^o = Koo, which is Lemma 4.5 in |CSS| . D 

Lemma 2.4. IfV CT is a finite-index subgroup, and M is a torsion A(T') -module, 
then the characteristic element of the A{T)-module N = Indp/ M = A(r) ®A(r') M 
is given by 

/^ = /[; (modA(r)X). 

Proof. Immediate from the structure theorem, since A(r) is free as a A(r')-module 
and hence fiat. D 

3. The Selmer groups 

Let i^ be a finite extension of Q, E an elliptic curve defined over F and p a prime 
> 5. Let Foo be an admissible p-adic Lie extension of F with Galois group E. We 
choose a set S of primes of F containing the primes dividing p, the primes where 
E has bad reduction and the primes which ramify in Fao/ F . 

Definition 3.1. For a finite extension L oi F unramified outside S, and u G S", we 
write 

ML)^^H\L,,E){p). 
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For an infinite extension (again unramifed outside S) we write 

J„(L) = lim ML'), 

L'CL 

where the direct hmit is taken over finite extensions of F contained in L. 

Recall that the Selmer group Sel(_E/Foo) is defined by the exact sequence 

. Se\{E/F^) . H\Gs{F^),Ep..) ^^^M ^^F^). 

ves 

We define the large Selmer group Se\' {E / F'^'^'^) by the exact sequence 

. Se\'{E/F'y-) ^ H\Gs{F-n>Ep^) ^ MF^n, 

ves-S' 

where (as in the introduction) S' C S denotes the set of primes of F not dividing p 
whose inertia group in S is infinite. If Sel(£'/F'^^'^) is A(r)-torsion, then as shown 
in [CSS] the classical Selmer group Sel{E / F'^^'^) and Se\' {E / F''^'^) are related by 
the short exact sequence 

(2) ► SeKS/F^y'^) Sel'(^/F'=5"^) ^ MF'^y") 0. 

■uGS' 

4. Local results 

Let H = Gal(Foo/F'=y'^) and L = Ga\{F''yyF), as above. If i; is a prime of F 
and X is a prime of F'^^'^ above v, we will write T^ for the decomposition group of 
X, and for w a prime of Foo above a;, we write H^ for the decomposition group of w 
in H. Note that there will be finitely many primes of F^^'^ above each prime of F, 
so Fa; will have finite index in F, but iJ„, will not have finite index in H in general. 
We identify F^^ and H^ with the Galois groups Gal(F^y7F„) and Gal(Foo,„,/F^>"=) 
in the usual fashion. We let S^, = Gal{Foo,w/Fv), so Yiu,/Hu, = F^,. 

For a prime v oi F above p, we define the following condition: 

• (Rt,) E has either good ordinary or split multiplicative reduction at v 

4.1. Local Cohomology. Let w be a prime of F in S, and choose compatible 
primes x and w of F^^^ and Fao above v. Recall that we defined S' to be the subset 
of S of primes not dividing p and having infinite inertia group in E. 

Lemma 4.1. If v does not divide p, then Eu, has dimension 2 if and only v G S' . 
Otherwise, E^j has dimension 1. 

Proof. Since v \ p and E is a p-adic Lie group, the wild inertia subgroup of Foc,w is 
finite. The result now follows immediately from the well-known fact (c.f. [S^) that 
the maximal tamely ramified extension of Fy has topologically cyclic Galois group 
over the maximal unramified extension, and the maximal unramified p-extension of 
Fy is the cyclotomic extension F^^^. D 

Lemma 4.2. Let v G 5'. Then J„(-Foo) = 0. 

Proof. By local Kummer theory, we have H^{Foo,w,E){p) = H^{Foo,w,Epcxi). But 



Lemma |4 . 1 1 shows that since dim(E^) — 2, the profinite degree of the extension Fy 
over i^oo.uj is coprime to p, so cdp{Gal{Fy/Foc,w)) =0. D 

Proposition 4.3. For all v \ p, Jy{F'^y'^) is a cofinitely generated Zp-module. 
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Proof. For every prime v oi F, there are only finitely many primes x of F'^^'^ dividing 
V, and we have 

x\v x\v 

where the second equality again follows from Kummer theory. 

If L is the maximal tamely ramified p-extension of F^^"^ and 11 — Gal{L/F^y'^), 
we have 

. H\ll,Ep^{L)) ► HHF^y',Ep^) ► H'{L,Ep^)^ 

by the Hochschild-Serre spectral sequence. But the last term is zero by the same 
argument as in lemma B?^ and H^{Il, Ep^o (L)) is a cofinitely generated Zp-module. 

D 

Corollary 4.4. For all v\p, Jy{F'^^'^) is A(T)-cotorsion. 

Lemma 4.5. For any v and all i > there are canonical isomorphisms 

H\H,.MF^)) = Ind^^ H\H^,H\F^,^,E){p)). 

Proof. Easy consequence of Shapiro's lemma, since 

J„(Foo) = Ind|^ H\F^^^,E){p). 

O 

Lemma 4.6. If v e S" ^ S \ S' and v\p, then 

H\H,.h{F^))={) 

for all i > 1. 

Proof. This follows from lemma H3] since for all such v the group iJ^ is finite, and 
as Fool F is admissible, its order must be prime to p. D 

Now let w be a prime of F dividing p, and denote by kao,w the residue field of 
Foo,w If E has good ordinary reduction at v, then denote by Ey the reduction of 
E modulo V. We define 

{Ey^poa (koo.w) if E has good ordinary reduction at v 
QpfZp if E has split multiplicative reduction at v 

So Dyi, is a S^-module (with trivial action in the split multiplicative case), of finite 
Zp-corank. 

Lemma 4.7. Let v be a prime of F dividing p and assume that (Ry) holds. Then 
for all i >1, there are canonical isomorphisms of Tx -modules 

(3) H\H^,H\Foo,^a,E)ip)) = W+^{Hy„Dy,). 



Proof. We follow the strategy of [CHI Lemma 5.16]. The extension Foo.w of Fy 
is deeply ramified in the sense of |CG| since it contains the deeply ramified field 
-F!^-*"^, so by propositions 4.3 and 4.8 of op.cit. there is a canonical isomorphism of 
Eu,-nrodules 

H\Foo,n„E)^) ^ H\Foo,v.,Dy,). 

Since p°° divides the profinite degree of Foo/F, we have cdpGal{Fy/Foo,w) < 1, 
and hence H^{Foo,w,F)y,) = for aU i>2. 
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By the Hochschild-Serre spectral sequence, for each i > 1 we have exact se- 
quences 

The two end terms both vanish, since cdp Gal{F.v / F^'^'^) is also at most 1, and the 
result follows. D 



The following proposition can be seen as the analogue of Condition 2 in jZlj and 
condition (Finioc) in }Z2| . 



Proposition 4.8. Suppose Foo/F is strongly admissible. Then for all v \ p, we 
have fjy™ ~ 1. 

Proof. By hypothesis, for all such v the field Foo,w contains both the cyclotomic 
Zp-extension and the unramified Zp-extension of Fy . Now these two extensions are 
disjoint (up to a finite extension of Fy of order prime to p) , so the result is a special 
case of Proposition 12. 31 D 

4.2. Analysis of the local restriction maps. Let v £ S" . Applying lemma 23] 
with 1 = 0, we have 

Jv{Foo)" = Ind^, H\F^^^,E){pf- 

for any choice of primes x and w above v. There is a natural restriction map of 
Faj-modules 

7. : H\F^y\E){p) ^ H\F^^^,E){pf-, 
and hence a map of F- modules 7^ : J„(F'^^'^) -> Jv{Poo)^ ■ 

Lemma 4.9. Let x he a prime of F'^^'^ which divides a prime in S" but does not 
divide p. Then both ker(7j;) and coker(7^) are zero. 

Proof See [221 Lemma 3.4]. D 

Lemma 4.10. Let v be a prime of F dividing p, and assume that (Ry) holds. Let 
X be a prime of F'^^'^ above v. Then 

coker(7^) ^H^{H^,D^). 

Proof. Both Foo.w and F^^'^ are deeply ramified in the sense of |CG] . so we have 
isomorphisms 

HHF^y'^,E){p)=H\F^y'^,D^), 

H iFao,w,E){p) =H (-F'oo,tu,-Dtu). 

The lemma now follows from the inflation-restriction exact sequence, since (as ob- 
served in the proof of lemma H77)) we have i?^(F^^'^, D^) ~ 0. D 

5. Global results 

In this section, again i? is a elliptic curve defined over a number field F, p 
a prime > 5 and Foo/F an admissible p-adic Lie extension, with Galois group 
S = Gal(i^oo/i^)- Let H = Ga\{Foo / F^y") and F = GaliF^y" / F) as before. Define 
the following hypotheses: 

• (R) E has either good ordinary or split multiplicative reduction at the 
primes of F dividing p, 
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• (Torscyc) CiE/F'^y'') is A(r)-torsion, 

• (Torsoo) C{E/Foo) e 2nff(S). 

We note that (TorSoo) implies (TorScyc) |Z2[ lemma 2.6] 



5.1. Global cohomology. We start with the following observation: 

Proposition 5.1. Sel'(^/F'=>''^) is A(T)-cotorsion if and only if Sel{E / F'^^'') is, 
and if this is the case, then 

JSol'iE/F'^y'') — fscl{E/F''y<') ^11 fj^iF'^y)- 

vGS' 

Proof. By definition, we have an exact sequence 

Se\{E/F'y') >■ Sel'{E/F^y') ^ J,(F^y=) 

ves' 

and the last term is a cotorsion module by proposition 14. 4[ so Se\{E / Foo) and 
Se\{E/F'^y'^) have the same A(r)-corank. Moreover, when Sc\{E / F'^^'^) is cotorsion, 
the map onto ®„g5, JviF'^^'^) is surjective (equation © above) so the relation 
between the Akashi series follows from proposition 12.21 D 



Lemma 5.2. Suppose that (Torsao) holds. Then for all i>l, there are canonical 
isomorphisms 

H\H,H\Gs{Foo),Ep^)) ^ W+\H,Ep^{F^)). 

Proof. We note that (TorSoo) implies that H'-{Gs{Foo),Ep^) = for all i > 2; this 
is obvious for i > 2 as cdp(G5'(Foo)) = 2, and for z = 2 it is [Zll proposition 6] (if 
Epoa is rational over Fqo) or |HV1 theorem 4.5] (if Epoa(Foo) is finite). Similarly, 
since (TorSoo) implies (TorScyc), we have H\Gs{F''^''),Epoa) = for all i > 2. The 
result now follows by comparing the F'^^'^ and Foo cohomology of Ep^ using the 
Hochschild-Serre spectral sequence. D 

The following proposition can be seen as the analogue of condition (ECgiob) in 
[Zl] and condition (Fiugiob) in I Z2] . 

Proposition 5.3. We have f^ ^/p ) ~ 1- 

Proof. If Fpoc is not rational over Foo, then Fpoo (Foo) is finite, and so H'^{H, Epoc (Foo)) 
is finite for all i > by [Z2i Proposition 5.4] (the assumption in the statement of 
the proposition that Lie-ff be reductive is not used when the torsion is rational). 
This clearly implies that fp oo(Foo) ~ 1- 

Hence we may assume F{Ep<x) C Foo. Then (up to a finite extension of F of 
order prime to p) the Galois group of the extension F{Ep^) of F is of the form 
treated in Lemma [^751 D 
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5.2. The Akashi series of Se\{E/Foo)^ ■ The main tool in relating the F-Akashi 
series of Se\{E / Fqo)^ and ScY {E / F'^^'^) is the following commutative diagram ap- 
pearing in 'Z2, §4.2], which we refer to as the "fundamental diagram": 

-^Sel{E/F^)" -^ H\Gs{F^),E,^)" MFoo^^ j^,(f^)H 



a 



ves 



/3 



7 = 0.„es" 1v 



-^Sel'iE/F'^y'') -^ iJi(Gs(F'=y'=),^poo) ^^^^'^'\ J„(F'=y'=) 

ves" 

Lemma 5.4. Both coker(7)/coker(-0s(Foo)) and Im^s{Foo)/^i^{'y) are torsion 
A{T)-modules and have the same characteristic element. 

Proof. We have an isomorphism of F-modules 

Im(V's(-Foo))/Ini(7) = coker(7)/coker('0s(i^oo)), 

so it is sufficient to show that they are torsion A(r)-modules. Now by Lemmas 14.91 
and 14. 101 we have coker(7) = 0^ iJ^ ( JJ^ , D^, ) , where the sum runs over all primes 
of i^'^y^ dividing p, and w is any choice of prime of F^o above x. Since the set of 
such primes x is finite, coker(7) is a cofinitely generated Zp-module, so the same is 
true for coker(^s(^oo)) C coker(7). D 



Proposition 5.5. // (R) and (TorScyc) hold, then 

fscl(E/F^)" = fscr{E/F-y-) 



where 

- /cokor(Vs(F„c)) X 7r ^11 Tr; ■ 

Proof. Applying the snake lemma to the commutative diagram (j5.2p gives an exact 
sequence of F-modules 

(4) ker(a) ker(/3) >- ker(7) 

coker(a) coker(/3) >- lm{'ips{Foo))/ ^^il) " 0. 

The inflation-restriction exact sequence shows that 

ker(/3)-i/i(ff,^poo(i^^)), 
coker {(3) ^ H^{H,Epo.{F^)), 

which are cofinitely generated Zp-modules and hence A(F)-cotorsion. Similarly, it 
follows from Lemma 14.101 that 



v\p 

coker(F) = Ind^^ H^iH^,D^) 



v\p 

and the characteristic elements of these are just ff/irj^ ^ \ and /^2c^ d \ by 
lemmaUm It therefore follows from Q that both ker(Q;) and coker(a) are cotorsion 
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A(r)-modules, and using the multiplicativity of Akashi series in exact sequences we 
deduce that 

j-r - Ucokor(^s(_F<^))j ^ rr ^lifE 

Jcokciia) Jm(H,Epoa(F^)) ^|j, Jm(H^,D^) 

The result is now immediate from the exact sequence of F-modules 

► ker(a) SeY {E / F^^") Se\{E/F^)" coker(a) 

and the assumption that Sc\{E / F^^'') (and hence Sel'(^/F'=y'=), by proposition [SI]) 
is A(r)-cotorsion. D 

5.3. Proof of the main theorem. As shown in |Z21 Proposition 2.5], assumption 
(TorSoo) implies that the map As(i^oo) is surjective, i.e. we have the short exact 
sequence 

(5) >■ Sel(£;/Foo) H\GsiF^),Ep^) ^ MF^) 0. 

vGS 

Lemma 5.6. Assume that the conditions (R) and (Torsao) hold. Then 

/ fT \ (-1)' 

i>l i>3 \i-'-v\p-'Hi{H^.,D^)/ 

Proof. Taking if-cohomology of (O, we get the long exact sequence 

(6) 

. coker(i^s(i^^)) . H\H , Sc\{E / F^)) . H\H,H\Gs{F^),Ep^)) 

••■ ^ 0iJ''(i?, J.(Foo)) 0, 

ves 

where d — dim(_ff), which is equal to the p-cohomological dimension of H since H 
has no element of order p. Now as shown in Lemmas 14.71 and 15. 2[ for all i > 1 we 
have canonical isomorphisms 

H\H, H\Gs{Foo), Ep^)) - W+\H, E^^ {F^)) 

and, for all v \ p, 

where x and w are any choice of primes of F'^'^^ and F^o above v. Finally, for v G S" 
not dividing p, H^{H, Jv{Foo)) is zero by lemma WM 

Note that both H^ {H , Epoa (^Foo)) and H^{Hw,Dw) arc cofinitely generated as 
Zp-modules, so they are cotorsion A(r)-modules. Splitting up ^ into short exact 
sequences, and using the multiplicativity of characteristic elements in short exact 
sequences (Lemma 12. 2p , the result is now a direct consequence of Lemma 15.41 D 

Proposition 5.7. // (R) and (TorSoo) hold, then 

JScl{E/F^) — T X /scl'(_B/_F<=y:)) 

where r is the number of primes of F dividing p where E has split multiplicative 
reduction. 
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Proof. By the definition of the Akashi series, we have 

fscl(E/F^) = fscl{E/F^)H ^ 11 \fH^{H,Scl{E/Fa^))^ 

i>l 

By Propositions 15.51 and 15. 6[ this is 

fscl{E/F^) = fsol'iE/F-y) ^ 11 [fH^{H,E^^(F^))) ^ 1111 Uh-(H^M^)) 

z>l v\p i>l 



Since the Akashi series f^ ^ip \ and /^™ are both 1, by propositions 15.31 and 14.81 
respectively, we deduce that 

/sol(E/Foo) ^ /scl'(£;/F<^y=) X \fH°{H,E^a^{F^))) ^ 1 1 -^H^IH™,!)™) ' 

v\p 

The group H° {H , Ep.. (Foo)) = Epo.{F''y'') is finite by Imai's theorem (c.f. [Tm)), 
^'-' fs cx>(F<=y<:) ~ -'^- Similarly, if i; is a prime of F dividing p where E has good 
ordinary reduction, then H'^[Hw,Dw) = Ey^pa^{k'!^'^) is finite and fjfiijj d ) ^ ^■ 
Now let w be a prime of F dividing p where E has split multiplicative reduction. 
Then H''iH^,D^) = Qp/Zp, so /ho(^^„c^) = T. D 

Combining this with proposition 15.11 completes the proof of Theorem 11.31 
6. The field of ^-division points 



In the proof of theorem 11.31 the assumption that Fqo is strongly admissible is 
vital, since it guarantees that the Akashi series of the local terms are equal to 
1. In this section, we consider a particularly important admissible extension, the 
extension Foo = F{Ep^ ) generated by the p-power torsion points of E. If E does 
not have complex multiplication, the main result of [Se] shows that S = Gal(Foo/F) 
is an open subgroup of GL2(Zp), and if p > 5, then Gd\{Fao/F) has no element of 
order p, so F^o is admissible. 

The decomposition subgroups of S have been explicitly determined [CHI lemma 
5.1]. We briefly recall the results: 

Lemma 6.1. Let E he an elliptic curve defined over a number field F without 
complex multiplication, p a prime > 5, Foe — F{Ep<yc) and E — Gal{Foo/F). Let v 
be a prime of F and w a prime of F^o above v. 

(i) If V \ p, then the inertia subgroup of Yj^ is infinite if and only if E has 
bad but not potentially good reduction at v (or equivalently if j{E) is non- 
integral at v). 
(ii) If V \ p and E has good ordinary reduction at v, then Foa^w contains the 

unramified "Lp-extension of Fy. 
(iii) Ifv I p and E has split multiplicative reduction at v, then Fao,w = FitJ'p°° , ''yQviE)) 
where qv{E) is the Tate period of E. In particular, F^o^w has no infinite 
Galois sub- extensions linearly disjoint from the cyclotomic 'Lp-extension of 
Fy. 

It follows that if E has split multiplicative reduction at some primes above p, 
Fool F is not strongly admissible, so theorem ll.Sl does not apply. Nonetheless, when 
this is not the case, we can still calculate the "error term" that arises: 
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Theorem 6.2. Let E be an elliptic curve defined over a number field F , p a prime 
> 5, Foo — F{Ep<x) and S = Gal(i^oo/^)- Assume that 

(i) E has either good ordinary or split multiplicative reduction at all primes 
of F dividing p, 

(ii) C{E/F^) e rniHi^), 

(iii) E does not have complex multiplication. 
Then the Y,-Akashi series ofSel{E/Fao) is given by the following formula: 

ficKE/F^) - fLiE/F^n "" n /I(F-) X n (^ + 1 - Xilv)) mod A(r)*. 

Here, 9Jt is the set of primes of F not dividing p where E has non-integral j- 
invariant; D\ is the set of primes of F dividing p where E has split multiplicative 
reduction; and "f^ is a generator of the decomposition group of a prime of F'^^'^ 
above v. 

Proof. Let t; be a prime of F above p, and let Du, be as defined above. If E has 
good ordinary reduction at v, then proposition [2l3] apphes to Foo,w/Fv, so we have 
fo™ — 1- O^ the other hand, if F has spht multiphcative reduction at p, we have 
F>w = Qp/Zp and S^ = Zp x r^;, with T^ acting on Zp via the cyclotomic character. 
Hence: 

H\H^,D^) = {Qp/Zp){x) 

H\Hy,,Dy,) = for alH > 2. 

The result now follows exactly as in proposition 15.71 above. D 

Corollary 6.3. Under the conditions of\6M if^el{E/F^) and Sel{E / F'^y'') have 
finite generalised S- and T-Euler characteristics, then these are related by the for- 
mula 



xi^,Sel{E/F^)) = x(T,SeliE/F'n) x 



Y[L^iE,l)x Yl#fip^iF,) 



Remark. Using the methods of [Z2] . one can show that if UI{E/F){p) is finite, 
then Sel{E/Foo) has finite generalised E-Euler characteristic if and only if and 
Se\{E / F'^y^) has finite generalised F-Euler characteristic. 
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